Milnor i^-groups attached to elliptic curves 
over a p-adic field 



Toshiro Hiranouchi 
September 17, 2012 

Abstract 

We show the injectivity of the Galois symbol for the Milnor K- 
group attached to elliptic curves over a p-adic field under some as- 
sumptions. As by-products, over the p-adic field we give the structure 
of the abelian fundamental group of an elliptic curve and the structure 
of the Chow group for the product of elliptic curves. 

1 Introduction 

K. Kato and M. Somekawa in [11] introduced the Milnor type K-group 
K(k; G\, . . . , G q ) attached to semi-abelian varieties G±, . . . , G q over a field 
k which is now called the Somekawa K-group. The group is defined by the 
quotient 

(1) K{k;G l ,...,G q ):=[ G^E) <g> • • • ® G q (E) \ /R 

\E/k: finite J 

where R is the subgroup which produces "the projection formula" and "the 
Weil reciprocity law" as in the Milnor i^-theory (Def. 2.2). As a special case, 
for the multiplicative groups G± — ■ ■ ■ — G q — G m , it is nothing other than 
the ordinary Milnor i^-group of the field k as K{k\ G m , . . . , G m ) — ^ K^{k) 
([11], Thm. 1.4). For any positive integer m prime to the characteristic of k, 
Somekawa defined also the Galois symbol map 

h : K(k; G u ..., G q )/m H q (k, G x [m] (8) • • • <g> G q [m]) 
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by the similar way as in the classical Galois symbol map K^{k)/m — > 
H q (k,fi® g ) on the Milnor i^-group and the map h was conjectured to be 
injective over arbitrary field k. For the case G\ — ■ ■ ■ — G q — G m , the 
conjecture holds by the Milnor-Bloch-Kato conjecture, now is the theorem 
of Voevodsky, Rost, and Weibel ([15]). However, it is also known that the 
above conjecture does not hold in general (see remarks Conj. 2.3 below for 
the other known results). 

The aim of this note is to show this conjecture for elliptic curves over a 
local field under some assumptions. 

Theorem 1.1 (Thm. 4.1, 4.3). Let k be a finite extension ofQ p forp ^ 2. Let 
X and X' be elliptic curves over k with X[p n ] C X(k) and X'[p n ] C X'(k). 

(i) The conjecture holds for G\ = G m and G<i = X on m = p n . 

(ii) Assume that X has semi-ordinary reduction, in other words, X is not 
a supersingular elliptic curve. Then the conjecture holds for G\ = X and 
Gi = X' on m = p n . 

After Raskind-Spiefi [8] here we call X has semi-ordinary reduction if 
it has good ordinary or split multiplicative reduction. The assertion (i) in 
the above theorem is known for arbitrary field due to Spiefi so we give a 
merely alternative and an elementary proof. On the assertion (ii) also, some 
parts of the theorem have already known. Since we are assuming p ^ 2, by 
taking a finite extension, we may assume that X and X' have at worst split 
multiplicative reduction. The injectivity of h is known for both of X and 
X' have semi-ordinary reductions ([16], [8], see also [7]). Hence our main 
interest is in supersingular elliptic curves. 

In our previous paper [3] , we studied the image of the Galois symbols for 
elliptic curves X and X'. Putting the above theorem together, we obtain 
results on the structure of the Somekawa K-groups as follows. (Precisely, in 
[3] we did not refer on the image of the Galois symbol for G m and X as in 
the assertion (i). However, the same proof works and easy to show.) 

Corollary 1.2. Let X and X' be as above. 

. 1j/p n , if X: split multiplicative, 

"L/p n )® 2 , if X: good reduction. 
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(ii) Assume that X has semi- ordinary reduction. Then we have 



, „ \Z/p n , if both X and X' have same reduction tune, 

K(k;X,X')/p n ~ { ' 

I (Z/p n ) ffi , otherwise. 

As byproducts of the assertion (i) above, one can determine the structure 
of the abelian etale fundamental group 7Ti(AT) ab of the elliptic curve X over 
k utilizing the class field theory of curves over local fields (Thm. 5.1). On 
the other hand, the assertion (ii) gives the structure of the Chow group 
CH (X x X') of 0-cycles on X x X' (Thm. 5.2). 

Now we give an outline of this paper. In Section 2, first we recall the 
definition and some properties of Somekawa i^-groups K(k; G, G') attached 
to semi-abelian varieties G and G' over arbitrary field k. Here, we also 

M 

introduce the Mackey product G ® G'(k) of G and G' which is defined as in 
(1) but by factoring our a relation concerning the "projection formula" only. 
That is why we have the canonical surjection 

G®G'{k) -» K(k; G, G') 

M 

in general. In the proof of our theorems, this product G ® G'(k) plays an 
important role. In fact, we will show the injectivity of not only the Galois 
symbol on the Somekawa K-group but also the composition 

G I G'{k)/p n -» K(k; G, G')/p n A H 2 (k; G[p] <g> G'[p]) 

if G and G' are elliptic curves. In Section 3 we study the structure of the 

Mackey product U <S> U (k) over a p-adic field k. Here, U is the Mackey 
functor defined by the higher unit groups of finite extensions over k as a 
sub Mackey functor of the cokernel G m /p of the multiplication by p on G m . 
Tate [14], Raskind and Spiefi [8] show that the Galois symbol map induces 
bijections 

h 2 : G m /p ® G m /p(k) ~ K 2 {k)/p ~ H 2 {k,iif) ~ Z/p. 
We calculate the kernel and the image of the composition 

h m ' n : U m § U n -> G m /p § G m /p(k) % Z/p 
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and determine the structure of U <g> U partially. The proofs of Theorem 
1.1 above shall be given in Section 4 by relating the Galois symbol map on 
elliptic curves and the above map h m,n . In Section 5, we will discuss about 
the applications on the structure of the abelian fundamental group of an 
elliptic curve and the Chow group of the product of elliptic curves as noted 
above. 

Throughout this note, for an abelian group A and a non-zero integer 
m, let A[m] be the kernel and A/m the cokernel of the map m : A — >• A 
defined by multiplication by m. For a field F, For a discrete valuation field 
K, we denote by Gp := Gal(F / F) the absolute Galois group of F and 
H l (F,M) := H l (G F ,M) the Galois cohomology group of Gp for some G F - 
module M. 

Acknowledgments. A part of this note was written during a stay of the author 
at the Duisburg-Essen university. He thanks the institute for its hospitality. 
This work was supported by KAKENHI 21740015. 



2 Somekawa i^-groups 

In [11] (see also [12]), the Milnor i^-group K(k; G\, G g ) attached to semi- 
abelian varieties G\, G q over a field k is defined by a quotient of the prod- 

M M 

uct as Mackey functors G\ ® • • • ® G q (k). Here, a semi-abelian variety is an 
algebraic group which has a canonical decomposition O-^T-yG-^A-^fl 
with a torus T and an abelian variety A. 

First we recall that the definition of the Mackey functor and its product. 
Let k be a perfect field. A Mackey functor A is a co- and contravariant 
functor from the category of etale schemes over k to the category of abelian 
groups such that A{X X U X 2 ) = A(Xi) © A(X 2 ) and if 
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is a Cartesian diagram, then the induced diagram 



A{X') 9 - * A(X) 



r 



r 



A(Y') — >■ A(Y) 

commutes. It is uniquely determined by its value A(E) := A(Spec(E)) on 
finite field extensions E over k. A typical example is the one given from a 
Gfc-module A which is defined by E H- A Ge = H°(E, A) for a finite extension 
field E over k with norm and restriction maps, where G k '■= G&\(k/k) is the 
absolute Galois group of the field k. 

M 

Definition 2.1. For Mackey functors A\, . . . , A q , their Mackey product A\ <g> 

M 

■ ■ ■ <g) A q (k) is defined by the quotient 

MM I x"TN 1 

Ai <g> • • • <8) A q (k) := Ax{E) ® ■ ■ ■ ® A q {E) \ /R, 

finite / 

where R is the subgroup generated by elements of the following form: 

(PF) For any finite field extensions k C E\ C E 2 , and if Xj G Ai Q (E 2 ) and 
Xi G Ai{E\) for z 7^ z , then 

g) • • ■ <g) a; io <g> ■ ■ • g) j*(x q ) —xx ® ■ ■ ■ ® j*(x io ) <S> • ■ ■ <8> x q , 

where j : Spec(i? 2 ) — > Spec(ia) is the canonical map. 

This gives a tensor product in the abelian category of the Mackey functors 
with unit Z : E i— y Z which is the Mackey functor given by identity maps 
on Z. In particular, for any field extension k'/k and the canonical map 
j — 3k' /k '■ k ^ k', the pull-back 

MM MM 

Resfcz/fc := j* : A x <g) • • • <g) A q (k) — > A x ® ■ ■ ■ ® A q (k') 

is called the restriction map. If the extension k'/k is finite, then the push- 
forward 

MM MM 

N k < /k := j* : Ax ® • • ■ ® — ► Ai O • ■ ■ ® A,(fc) 
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is given by iV fc y fe ({xi, . . . , x q } E '/k') = {x 1 , . . . , x q } E ,/ k on symbols and is 
called the norm map. Here we wrote {x\, . . . ,x q }E/k for the image of x\ £g> 
• • • <8> x q G A\(E) ® ■ ■ • <S> A q (E) in the product. Note also that the product 

M 

— <S> A is right exact for any Mackey functor A. 

An algebraic group G over k forms a Mackey functor. For a field extension 
E2/E1, the pull-back is the canonical map given by j : E\ <^-> E 2 which is 
denoted by j* = Res^/^ : G{E\) G(E 2 ). For simplicity, we identify the 
elements in G(Ei) with its image in G(E 2 ) and the restriction map Res^/Bj 
will be sometimes omitted. If the extension E 2 fE\ is finite, the push- forward 
is written as j* = Ne 2 /e 1 '■ G(E 2 ) —> G(E\) and is refereed as the norm map. 

Next we recall the definition of the Somekawa fT-group K(k; G\, . . . , G q ) 
attached to semi-abelian varieties G\, . . . , G q over k. In this paper, we con- 
sider the special case q = 2 over the perfect field k. Therefore, consider two 
semi-abelian varieties G and G' over k. 

Definition 2.2. The Milnor i^-group attached to G and G' which is called 
the Somekawa K -group is defined by 

K(k; G, G') := (g S G'(kU /R, 

where R is the subgroup generated by the elements of the following form: 
(WR) Let k(C) be the function field of a projective smooth curve C over 
k, h e k(C) x J e G(k(C)) and /' e G'(k(C)). For each closed point P 
of C, let k{C)p be the fraction field of the completion Oc,p of Oc,p by the 
normalized valuation vp and k(P) the residue field of k(C)p. For the set 
of closed points Co in C, put S := {P G Cq\ f G G(Oc,p)}- Assume that 
/' G G'(d c ,p) for each P £ S. Then, 

J2 Mh, f) ® f\P) + /( p ) ® ^(^ /0 e A 

p^s 1 Pes' 

Here /(P) is the image of / by the canonical map G(Oc,p) — > G(k(P)) 
and dp : /c(C , ) x x G(k(C)) — > G(k(P)) is the local symbol (for the precise 
definition, see [11], [12]). 

AT 

We also denote by {x,x'}E/k the image of {x,x'}E/k G G ® G'(k) in 
K(k;G,G') for some finite extension For any extension k'/k, set 
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K(k'; G, G') := K{k'\ G ® k k', G' ® k k'). The restriction map on the Mackey 
product induces a canonical homomorphism 

Res fc7 fc : K{k; G, G') — )• K(k'; G, G'). 

If the extension k'/k is finite, the norm map on Mackey functors induces 

N k , /k :K(k';G,G')^K(k;G,G'). 

For any isogeny <fi : G — y H of semi-abelian varieties, the exact sequence 
-)■ G[(j>] -)• G -»• # ->• gives the injection 

^ : H(k)/(j)G(k) -> H l (k,G[(f)]). 

Denote by the Mackey functor defined by the cokernel of 0. The corre- 
spondence is given from E \— y H(E)/<pG(E). For two isogenics : G —y H 
and 0' : G' — y H', the cup product and the norm map (=the corestriction) 
on the Galois cohomology groups give a map h 2 as follows: 



@H{E) ® H\E) ®H\E, G[<j>]) ® H l (E, G'[0']) 



(2) 



E/k E/k 
h 2 



u 



H 2 (k, G[<j>\ ® ^— ($H 2 (E, G[<j>] s 

B/fe 



where i? runs through all finite field extension of fc and U is the cup product 
of the Galois cohomology groups. The map h 2 factors through the product 

M 

of the Mackey functors H/(f> <g> H'/(f)'(k) (cf. [11], Prop. 1.5) and we obtain 

(3) h 2 M , : H/(j> ® H'/<t>'{k) ->■ H 2 (k, G[4>] ® G'[<t>'\) 

which is called the Galois symbol. 

For any positive integer m prime to the characteristic of k, as a special 
case, we consider the isogenies m : G — y G and m : G' — y G' induced 

M 

from the multiplication by m. The Galois symbol h mm : G/m ® G'/m —y 
H 2 (k,G[m]®G'[m}) defined above (3) factors through K(k; G,G')/m ([11], 
Prop. 1.5) and the induced homomorphism 

h 2 m : K{k- G, G')/m ->• H 2 {k, G[m] ® G'[m}) 
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is also called the Galois symbol. On the Galois symbol map, Kato and 
Somekawa presented the following conjecture. 

Conjecture 2.3 (Kato-Somekawa, [11]). Let G and G' be semi-abelian va- 
rieties over arbitrary field k. For any positive integer m prime to the char- 
acteristic of k, the Galois symbol h 2 m is injective. 

It is easy to see that the surjectivity of the Galois symbol does not hold 
in general. (As examples we will refer some precise calculations of the image 
in some special cases below, see (4).) The above conjecture is studied in the 
following special semi-abelian varieties: 

(a) The case of G = G' = G m : The conjecture and more strongly the 
bijection of the Galois symbol are known for the multiplicative groups 
G m = G = G' by the Merkurjev-Suslin theorem [6]. In fact, the K- 
group K(k;G m ,G m ) coincides with the Milnor K-group K^{k) ([11], 
Thm. 1.4) and the map h 2 is the ordinary Galois symbol. 

(b) The case G and G' are tori: Yamazaki proved this conjecture for tori 
which admit motivic interpretations ([17], Prop. 2.11) and disproved 
it for general tori with M. SpieB ([12], Prop. 7). Hence the above 
conjecture does not hold in general. 

(c) The case G = G m and G' is a Jacobian variety: It is known also (by 
SpieB, [16], Appendix) the conjecture holds over an arbitrary field k 
for G = G m and G' = Jx the Jacobian variety of a smooth projective 
geometrically connected curve X over k. 

We have the following observations. 

Lemma 2.4. Let T and T' be split torus over a field k with characteristic I 
and A, A' abelian varieties over k. Put G = T x A and G' = T' x A' . 

(i) For any primes p and q prime to I, if the Galois symbols h 2 and h 2 is 
injective for G and G' , then so is h 2 . 

(ii) For a prime p ^ I , assume G[p n ] andG'[p n ] are k -rational. If the Galois 
symbols h 2 and h 2 pn ^ is injective for G and G' , so is h 2 n . 

Proof. The assertion (i) is easy to show. To show (ii), consider the following 
diagram with exact rows: 

K(k; G, G')/p n ~ l K(k; G, G')/p n K(k; G, G')/p 

H 2 (k, G[p n ~ l ] ® G"[p re_1 D ^ H 2 {k, G[p n ] ® G'lp^ 1 }) H 2 {k, G[p] ® G'\p\). 
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The assumptions G[p n ] C G(k) and G"[p n ] C G'(k) imply the injectivity of 
the map H 2 (k,G[p n ^] <g> G'[p n ~ 1 }) ->■ # 2 (fc, G[p n ] ® G'[p re ]). The assertion 
follows. □ 



3 Higher unit groups 

Let k be a finite field extension of Q p assuming p ^ 2. We denote by v k 
the normalized valuation, the maximal ideal of the valuation ring O k , 
O k = C/° the group of units in Ok and F = Ok/m.k the (finite) residue field. 
In this section we study the Mackey product of the Mackey functors U 
defined by the higher unit groups. These are the key results in the proof of 
the main theorems (=Thm. 4.1 and 4.3 in the next section). On the group 
k x /p, the higher unit groups U™ := 1 + m™ induce the filtration (U ) given 
by U k '■= Im([7™ — > k x /p). First we recall that the structure of the graded 
pieces of this filtration. 

Lemma 3.1 (cf. [4], Lem. 2.1.3; [1]). Put e := eo(fc) := v k (p)/(p - 1). 
Assume that fi p := G m [p] C k. 

(a) If < m < pes, then 



U k l U k 




(b) If m = pe , then 

(c) If m > pe , then 



U k /U k ~Z/p. 



K = i. 



Let G m /p be the Mackey functor over k defined by the cokernel of the 
multiplication by p on G m , that is given by the correspondence E y E x jp 
for any finite extension E/k and the induced maps by the norms and the 
canonical inclusion of extensions. Next we consider the Mackey functor U 
over k defined as a subfunctor of G m /p which is given by 



E h+ U" E E/k 
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for any positive integer m, where U E is the subgroup of E x /p as above 
and eE/k is the ramification index of the extension E/k. In particular, the 
structure of the Mackey functor is given by the norm map 



N E2/El : TJ7 2 E ' /k -+ Tr,^ 

and the natural map 

Res^:^/^^^. 

For each positive integers m and n, now we define a map h m,n by the com- 
position 

h m > n : IT ® U n (k) G m /p S G m /pO) 4 H 2 (k, nf). 

M 

Here, the latter h is the Galois symbol on G m /p <S> G m /p(k) as in (3). We 
also denote by 

h- 1 *- 1 := h 2 :G m /p | GJp(k) -+ H 2 (k,/if) 

h' 1 '™ :G m /p ® T7 m (fc) G m /p § G m /p(A;) 4 # 2 (A;, ^f) 

by convention. Since the field is a p-adic field, the target of h m,n is the 
Brauer group and is known to be H 2 (k,[j,® 2 ) ~ TLjp. By calculating the 
kernel and the image of this map h m,n we determine the structure of the 
Mackey product of these Mackey functors U as follows. 

Lemma 3.2. Let k be a p-adic field which contains fi p . Put eo :— eo(k) : = 
Vk{p)/{p — 1). For any positive integer m and n, we have 

(i) 



hT 1 '™ : G m /p ® U (k) 



0, otherwise. 



0,m . 77° ^77 m /,.\ J Z M if m < pe . 



0, otherwise. 



in 



/i m - n : ET ® C/ n (jfc) ^> i/ m > pe Q . 



10 



The rest of this section is devoted to show this lemma. The proof is 
divided into the following two steps. 



(a) First we calculate the image of h m ' n , 

(b) Next we show the injectivity of these maps. 

The assertion (a) is obtained from the calculation of the cup product. 
To show the assertion (b) here we basically follow Raskind and SpieB' proof 
of Lemma 4.2.1 in [8]; refinements of Tate's in [14], that is, the bijectivity 
of maps /i~ 1,0 , h 0, °. Precisely, the proof is further divided into three 

steps: 

m M n 

(bl) For a symbol of the form {a, b} k / k in the Mackey product U <8> U (k), 
if h m ' n ({a,b} k/k ) = then {a,b} k/k = 0. 

m M n 

(b2) Let S(k) be the subgroup of U ® U (k) generated by the symbols 
{a,b} k / k . Then h m,n is injective on S(k). 

(b3) TP ®TT{k) = S(k). 

The claims (bl) and (b3) are given by the same arguments as Raskind- 
Spiefi. But we obtain (b2) by determining the structure of S(k) directly. 

(a) Image of the maps h m,n . First we determine the image of the maps h m,n . 
The Galois symbol map h~ l ~ l = h 2 is composed from the cup product 
U : (8) — > H 2 (k,/ip 2 ) on the Galois cohomology groups 

(2). It is characterized by the Hilbert symbol ( , ) p : k x /p ® k x /p — >■ \i v as 
in the following commutative diagram (cf. [10], Chap. XIV): 

H\k,fi p )^H\k,fi p )^U.H 2 (k, /if) 

k x lp ® k x lp — — 9- fl p 

The orders of the image in H 2 (k, fi® 2 ) ~ fi p ~ 7Ljp by the Hilbert symbol are 
calculated as follows: 

Lemma 3.3 ([3], Lem. 3.1). Let m and n be positive integers. 

#(*7p,PT)p = C ' f r- Pe °' 

(J, otherwise. 
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(ii) Ifp\m orp\n, then 

(iii) If p | m and p \ n, then 



k)p 



p, if m + n < peo, 
0, otherwise. 



p, if m + n < pe , 
0, otherwise. 



From the calculation above, the image of the product does not depend 
on an extension E/k, hence we obtain the images as required 



lm(h~ L ' m ) 



Z/p, if m < pe , 
0, otherwise. 



Z/p, if m < pe , 
0, otherwise. 



lm(h°' m ) c 
lm(h m ' n ) = 0, if m > pe . 



(b) Injectivity of h m,n . We prepare the following lemmas corresponding to 
the claim (bl) above. 

M m 

Lemma 3.4. For any symbol of the form {a,b}k/k in U ® U (k), if we 
assume h 0,m ({a,b}k/k) — then {a,b}k/k — 0. 

M m 

Proof. For any symbol of the form {a,b}k/k in U ® U (k) and assume 
that h°' m ({a,b}k/k) = 0. The symbol map is written by the Hilbert symbol 
h°' m ({a, b}k/k) — ( a ? b) p and thus a is in the image of the norm Ne/u '■ U° E — > 
U° k for E = k{<fb) ([2], Chap. IV, Prop. 5.1). Take a e E x /p such that 
NE/k(p) = 0" We obtain 

{a, b} k /k = {N E/k a,b} k / k = {a,Res E /k(b)} E /k = 

by the projection formula, that is the condition (PF) in the definition of the 
product of the Mackey functors (Def. 2.1). □ 
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Next we show the vanishing results in Lemma 3.2: 

M m 

^m/p ® U (k) — 0, for any m > pe , 

M m 

U ®U (k) = 0, for any m > peo, 

U (g> U (k) — 0, for any m > peo. 

Proof. The first equality follows from Tf^ = for m > peo (Lem. 3.1). The 
third one is obtained from the second. To show the second equality by the 
norm arguments, it is enough to show that {a, b}k/k = 0. Because of U k = 
for m > peo again, only the case m = peo remains to prove. For the symbol 
{a,b}k/k, we have h 0,m ({a, b}k/k) — ( a ,b) p = by Lemma 3.3 and Lemma 
3.4 shows {a, b}k/k = 0. □ 

Proof of Lem. 3.2 (i). For any positive integers m < peo, by the bijectivity 
of /i -1 ' -1 = h 2 ([8], Lem. 4.2.1) and the calculation of the image of h~ 1,m 
above, we have the surjections 

G m /p Tf °{k) -» G m /p ®U (k) -» G m /p <g> G m /p(k) ^ Z/p. 
Thus we may assume m = peo- Consider the following short exact sequence: 

Tf ® TT ea G m / P ® u peo _> z/p § TT° o, 

— — ^ — peo 

where Z/p := (G m /p)/U . The product U ® U (k) is trivial from the 

above. Define the subgroup S(k) of Z/p ® U (k) generated by the symbols 
of the form {a, b}k/k- From Lemma 3.1 and Lemma 3.3, we have 

Z/p ~ (k*/p)/U° k ® z u p k eo -» S(k) X Z/p. 
Thus the Galois symbol h is bijective on S(k). 

Finally, we show that S(k) generates Z/p ®U (k). To show this, take 
a symbol {a, b}E/k ^ for any finite extension E/k. 

E/k is unramified: Assume that the extension E/k is unramified. Then the 
norm map ~N E / k : U P E ° —> U P k e ° is surjective ([10], Chap. V, Sect. 2). There 
exist c G Z/p[k) and d G U P E ° such that {c, N E / k (d)} k / k is a generator of 
S(k) ~ Z/p. By the equality 

{c,N E/k (d)} k /k = {Res E/ k(c),d} E/k = N E/k ({Res E/k (c), d} E/E ), 
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the symbol {Res E / k (c), d} E / E is a ls° a generator of S(E) ~ Z/p. For some 2 
we have {a,b} E / E = {R^s E / k (c), d l } E / E and hence 

= N E/k ({a,b} E/E ) 

= N E/k ({Res E/k (c),d l } E/E ) 

= {Res E / fc (c),cf} E/fe 

= {c,N E/k ((P)} k/k . 

Therefore {a,b} E / k G S(k). 

E/k is totally ramified: Assume that E/k is totally ramified. In this case, 
the induced norm map on Zjp(E) — > Z/p{k) is an isomorphism. There exist 
c G Z/p(E) and d G t/^ e ° such that {N E / k (c),d)} k / k is a generator of S(k). 
Similar to the above proof, for some % we have 

{a,b} E/k = N E/k ({c l ,Res E/k (d)} E/E ) 
= {N E/k (?),d} k/k . 

E/k is an arbitrary extension: Take the maximal unramified subextension 
k' C E over k. The assertion follows from 

{a,b} E/k = N E/k ({a,b} E/E ) = Ny/ k o N E/k ,({a,b} E/E ). 

Therefore {a, b} E/k G S(k) and thus Z/p ~ S'(fc) = Z/p <g> Z7 pe °(fc). □ 

Finally we show the rest of the assertions, namely the injectivity (and 
hence bijectivity) of 

h°' m : U° I U m (k) -> H 2 (k, /if) ~ Z/p 

for any m < pe^. 

Proof of hem. 3.2 (ii). Since we have surjections 

£/ ® Er (k) -»U ®U (k) -»U ®U (k) — ► Z/p, 

—o M 

we may assume that m = peo — 1. We denote by the subgroup of C/ (g) 
Tf^ (k) generated by the symbols of the form {a,b} k / k (a G U k = U k ,b G 
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Z7^ e ° 1 ). By Lemma 3.4 if a symbol of the form {a, b} k / k in U° U pe ° 1 (k) 

satisfies h({a, b}k/k) = then {a,b} k / k = 0, where h = h Q ' pe °~ x : U° ® 
U pe ° l {k) -» H 2 (k,fi® 2 ) ~ Z/p. Thus the natural surjection <g) C7^ e ° 1 -» 

S^/c) factors through U k /U k (g> L^ 60 /U^ by Lemma 3.3. Fix a uniformizer 
7T of and consider the map 

tc , 77 1 /T7 2 o 77P e o- 1 /TfP e o 

f ^u k /u k ®u k /U k 

defined by x H- (1 + x~ l n) <g) (1 + 7r peo_1 ), where x G 0£ is a lift of x. We 
denote by (j) the composite 

: F -+ <g> U^ ' 1 /U P k ° -» S(k). 

By the calculation of symbols (c/. [1], Lem. 4.1), we have 

/i(0(x)) = (1 + X- 1 *, 1 + TT^-^p 

= (1 + x _1 7r, 1 + (lx^ 1 vr)vr peo ~ 1 ) p 

= (l + X7l peo ,7l) p . 

Define the group homomorphism a : F — > F by x H- x p + ax, where a is the 
class in F represented by p7r~ e . By the equality (c/. [1], Lem. 5.1) 

/iO(x p + ax)) = (1 + x p + p7r~ e x, 7t) p 
= ((l + X7r e °)V) p 
= 0, 

and Lemma 3.4, the map <p factors through F/er(F). On the other hand, 
the map a is extended to a : F — > F and we have if 1 (F, F) = 1. Since 
Ker(er) ~ Z/p as Galois modules, we obtain F/er(F) ~ iJ 1 (F, Ker(cr)) ~ Z/p. 
Now we have the following commutative diagram 

F/cr(F) c — - — - S(k) 




Z/p. 

For any symbol {a,b} k / k in S(k), if we assume that the symbol {a,b} k / k is 
not contained in the image of 0, then we have h({a, b} k / k ) = 0. But Lemma 



15 



3.4 implies {a,b} k/ / k = this contradicts to {a, b} k / k lm(0). Hence the 
map is bijective and we obtain h : 5*(A;) — ^ Z/p. 

Finally we show that S(k) = U <g> U (fc) as the claim (b3). Take 
a symbol {a,b} E / k ^ and prove that it is in S(k) by induction on the 
exponent of p in e E /k- The case p \ eE/k- in this extension E/k, the norm 

map N E / k : U E — > U° k is surjective. There exist c G £7^ and d G £/f 60_1 
such that {N E / k (c),d} k / k is a generator of S(k) ~ Z/p. By the projection 
formula, we have 

{A^E/ fc (c),d} fc / fc = {c,Res E/k (d)} E/k = N E / k ({c,Res E/k (d)} E/E ). 

Because of the symbol {c, Res E / k (d)} E / E is also a generator of S(E), for some 
z we obtain 

{a,b} E/k = N E/k ({c l ,Res E / k (d)} E / E ) 
= {N E /k@),d}k/k- 

The case p \ e E / k . There exists a finite extension M/E of degree prime 
to p and an intermediate field M\ of M/k such that MjM\ is a cyclic and 
totally ramified extension of degree p. The norm map N M / E : U^/p —> U E /p 
is surjective and we have {a,b} E/k = {N M/E (a),b} E/k = {a,Res M/E (b)} M /k 
for some a G U° M . There exists an element c G UjJ° ^ eMl/k suc h that 
£ = Mi(^/c) is a totally ramified nontrivial extension of M\ and £ 7^ M. 
In fact if the element c is in T? Ml \ (17^ ) (G° e o — l)eMi/jt < i < peo(Mi) = 
peo e Mi/k,P t then the upper ramification subgroups of G := Gal(E/Mi) 
([10], Chap. IV) is known to be 

Q — Q0 _ Ql — ... — Qpeo(Mi)-i —j ^pe (A/ 1 )-i+l _ 

([4], Lem. 2.1.5, see also [10], Chap. V, Sect. 3). Hence we can choose c such 
that the ramification break of G is different from the one of Gal(M/Mi). Thus 
Nx/ Ml (U-e)+N m/Mi (U m ) = U Ml and we can take a symbol {N M/Ml (d), c} Ml/Ml 
such that it is a generator of S(Mi) for some d G [7 M and thus {d, ResM/Mi (c)}m/a/ 
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is also a generator of S(M). Therefore, for some i, we have 

{a,b} E/k = {a,Res M / E (b)} M/k 

= N M/k {a,Res M /E{b)} m/m 
= N M /k{d\ ResM/Mi (c)}m/m 
= N Ml / k o N M / Ml {d\ ResM/Ah(c)} M /M 
= N Ml / k {d\ ResM/Mi(c)}j\//A/i 
= N Ml / k {N M / Ml (d l ), c}m 1 /Mi 
= {Nm/nh (d l ), c}jui/fe- 
From the induction hypothesis, the symbol {a, b}E/k is in S(k). □ 

4 Galois symbol for elliptic curves 

We keep the notation as in the last section: k is a p-adic field assuming p ^ 2 
with residue field F = O k /m k and e = v k (p)/(p — 1). In this section, we 
study the Galois symbol map associated to elliptic curves over the p-adic 
field k. 

The first main result here is the following theorem: 

Theorem 4.1. Let X be an elliptic curve over k with X[p n ] C X(k). The 
Galois symbol map 

h\ : K(k; G m , X)/p n -> H 2 (k, G m [p n ] X\p n \) 

is injective. 

We use the results on the image of the symbol map in the case of n = 1 
especially, that is the works after Berkovic and Kawachi ([4], see also [3], 
Thm. 3.3, Thm. 3.5). 

For an elliptic curve X over k with X[p] C X(k), fix an isomorphism 
of the Galois modules X[p] ~ (/i p )® 2 . From the isomorphism, we can iden- 
tify H l (k,X[p\) and (k x /p)® 2 . On the latter group k x /p, the higher unit 
groups U™ = 1 + m^ 1 induce a filtration U k := Im(?7™ —> k x jp) as noted 
in the last section. In terms of this filtration, the image of h\ : X(k)/p ^ 
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iP(£;,X[p]) = [k x /p)® 2 is written precisely as follows (c/. [13]): 

{U° k © L^ e ° if X: ordinary, 

f/f °-* 0) © !7f if X: super singular, 
k x /p® 1 if X: split multiplicative. 

Here the invariant to := to(k) is defined by 

(5) to(k) = max{z | P G X(m* fc ) for all Q G 

where X is the formal group associated to X. Note also the invariant to 
satisfies < to < e o an d is calculated from the theory of the canonical 
subgroup of Katz-Lubin (c/. [3], Thm. 3.5). 

By Lemma 2.4, Theorem 4.1 is reduced to showing the slightly stronger 
theorem below than the required. 

Theorem 4.2. Let X be an elliptic curve over k with X[p] C X(k). The 
Galois symbol map on the Mackey product 

h\ : G m /p © X/p{k) -> H\k, fij, © X\p}) 

is infective. 

Proof. Fix an isomorphism of the Galois modules X[p] ~ /i® 2 as above. For 
each point P G X{E) with image P in X(E)/p, we denote its image in 
(E x Jp)® 2 by /ijfCP) = (xpjVp)- There exist points P x , G X{E) such that 
h x (P x ) = (xp, 1) and h x (P y ) = (l,y P ). Thus we have P = P x + P y modulo 

M 

p in X(E). In the product G m /p © X/p(k) also, the following equality holds: 
For any a G E x , 

{a, P}£;/ fc = {a, P x } E /k + {a, P y }E/k 

M M 

in G m /p © X/p{k). Let be the subgroup of G m /p © X/p{k) generated 
by the symbols of the form {a, -P x }E/fc- Precisely, P x is the point in X(E) 
satisfying pr y o/i 1 (P 2 .) = 1 G Tj p ^ eE/k where pr^ : (E x /p)® 2 — > E x /p; (x,y) h-» 
y is the projection. Define S y by the subgroup generated by the symbols 
{a,P y } E/k similarly. Identifying H 2 (k,G m \p] © X\p\) ~ P 2 (A;,/^ 2 )® 2 , the 
Galois symbol induces 

h x :S x ^ GJp I A H 2 (k,^Y 2 H 2 (k,^ 2 ), 
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where pr^, is the first projection. Define h y : S y — > H 2 (k,fi® 2 ) in the same 
way. The description of the Galois symbol (2) indicates that for any symbol 
{a, P} E /k, we have 

h({a, P}E/k) = (h x ({a,P x } E /k),hy({a,Py} E /k)) 

in H 2 (k, lip 2 )® 2 . Thus it is enough to show the injectivity of h x and h y . 

Fix a primitive p-th roof of unity ( G \x v . Let C be a subgroup of X\p] 
generated by the point corresponding to (£, 1) G /i® 2 . The quotient F := 
X/C gives a commutative diagram: 





Y 



where <fi and ^ are the induced isogenies. As in Section 2, we obtain the 
two Mackey functors Y/<pX and X/vpY defined by the cokernels of <fi and 
ip respectively. By the very definition, <p is an isogeny of degree p with 
X[<f>] = C ~ n P ®l C (p p )® 2 . The inclusion i : E x jp (E x /p)® 2 ; z ^ (x, 1) 
gives the commutative diagram 



Y{E)/<I>X{E)<- 



H\E,X 



E x /p 



■H 1 (E 1 X[p})^=(E x /p)® 2 



Thus the group Y(E)/(j)X(E) is isomorphic to the group generated by the 
points of the form P = P x £ X(E)/p via ^ and we have the surjection 

M 

^m/p <S> Y/(f)X(k) — > S x defined by {a, Qj^/fc h-> {a, ip(Q)}E/k- This makes 
the following diagram commutative: 



/p <g> X/p(fc) 



H 2 (k, 



p)®X\p]) 



H 2 (k,iil 



l m /p ® Y/<f)(k) — t H 2 (k, G m [p] ® X 
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We show that the lower map is injective under the assumptions p ^ 2 and 
X[p] C X(k) (and thus fi p C k by the Weil pairing). The elliptic curve X has 
at worst split multiplicative reduction, that means X has neither additive nor 
non-split multiplicative reduction over K ([4], Lem. 4.1.2). We show only the 
case the elliptic curve X has the supersingular good reduction. Other cases 
(X has split multiplicative reduction or ordinary reduction) can be proved 
similarly. 

Let Lf m be the Mackey functor defined by E h-> jj™ eE/k as a subfunctor 
of G m /p. From (4), for any finite extension E/k, the image of the injection 
h l x : x\e)/p H\E,X[p}) = (E x /p) (S2 is written as 

lm(^)=Z7 P i eo(i?) - to(£)) ©!7S o(s) . 

Here, e (E) = e eE/k and t (E) = t eE/k where es/k is the ramification index 

M m 

of the extension E/k. For each m, the map h ,m on G m /p (g> U (k) (??) is 
the composition 

(6) bT x > m : G m /p § F m (A;) G m /p § G m /p(k) $ H 2 (k, /if). 

We identify the Mackey functor Y/<p with f/^ e ° and the injectivity of 
follows from Lemma 3.2 (i). By identifying X/ift ~ U pt ° , the injectivity on 
^ and thus Theorem 4.2 are also obtained Lemma 3.2 (i). □ 

Next, we study the Galois symbol map 

h% x , : K(k;X,X')/p n -> ^ 2 (fc,X[p n ] ® X'[p1) 

associated to elliptic curves X and X' over k. The main result here is the 
following theorem: 

Theorem 4.3. Assume that X\p n ] C X(k) and X'[p n ] C X'(k) and X has 
split semi-ordinary reduction. Then, the Galois symbol map h xx , is injective. 

Proof. From the induction on n and Lem. 2.4, it is enough to show the case 
of n = 1: the injectivity of 

h% x , : K(k;X,X')/p -> H 2 (k, X[p] ® X'[p\). 

Fix isomorphisms of the Galois modules X[p] ~ /i® 2 and X'[p\ ~ /i® 2 . As in 
the proof of Theorem 4.2, we identify the point P 6 X(E)/p with (xp,y P ) E 
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(E x /p) S)2 in the image of the Kummer map h x . There exist P x and P y 
corresponding to (xp, 1) and (1, y P ) and we have P = P x + P y . On the 
supersingular elliptic curve X' also the map h l x sends the point P G X'(E)/p 
to (x P ,y P ) G (E x /p)® 2 we have P' = P x + P y . Thus 

{P,P'} E /k = {P x ,P' x }E/k + {P x ,P' y }E/k + {P„, Pi} + {Py,P' y }E,k 

M 

Let S^, 5^, S yx and 5^ be the subgroups of X/p (g> X 1 /p{k) generated by the 

symbols of the form {P x , P x } E /k, {Px, P y }E/k, {Py, P x }E/k, and {P y , P y } E /k 
respectively, where E runs through all finite extension of k. Identifying 
H 2 (k,X[p] <g> X'\p]) ~ # 2 (A;,/i® 2 )® 4 ~ Z/p® 4 , the Galois symbol induces 

^ : S xx ^ X/p § XVp(fc) % x ' H 2 (k,p,f) m P ^ H 2 (k,^% 

where pr xx is the first projection. By the same way, we have h xy : S xy — > 
H 2 (k,fxf 2 ),h yx : S yx H 2 (k,nf) and h yy : S yy H 2 (k,nf) and it is 
enough to show the injectivity of these all maps. 

Fix a primitive p-th root of unity ( G Let C (resp. C") be a subgroup of 
X[p] (resp. X'[p]) generated by the point corresponding to (£, 1) G /i® 2 . The 
quotients F := X/C and Y' := X'/C give p-isogenies : X — > F, ip :Y — > X 
and 0' : X' — > F', ^' : F' — > X' as before. The isogenies and 0' induce the 
commutative diagram below 

S xx - H 2 (k, ) 

F/0X § Y'/4>'X'(k) — H 2 (k, X[4>] <g> X'[0']). 

By the same arguments on 5"^, and S yy . The assertion is reduced to 
showing the injectivity of the maps h^p, h^i, h^p and h^^. 
(a) X has split multiplicative reduction: Consider the case that X has split 
multiplicative reduction. We also assume that X' has supersingular good 
reduction. Other cases on X' are treated in the same way and much easier. 
From (4), for any finite extension E/k, the images of the injections h x : 
X{E)/p H\E,X\p\) = (E x /p)® 2 and h\, : X'(E)/p H\E,X'\p\) = 
(E x /p)® 2 are written as 

hn{h 1 x )=E*/p@l, 
Im(^,)=^ (e ° (£M ° (i?)) ©^ 0(£) - 
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Here, t' (E) = t'^&Elk is the invariant on X' defined by the same way as in 
(5). Therefore 

Y/(j> ~ GJp, X/iP~l, and 
Y'/ft-T?^-^, X'/ii'-Tf' . 

M M 

Immediately, X/ip cg> Y'/(f)'(k) and X/ip <g) X'/ip'(k) are trivial and thus 
thprf, h^ )7 pi are injective. The injectivity of h^p and h^i follow from Lemma 
3.2 (i). ' 

(b) X has ordinary good reduction: Next we assume that X has ordinary 
good reduction and X' is an supersingular elliptic curve over k. In this case, 
by (4) we have 

Y/(f) ~ U°, X/ifj ~ U pe \ and 

Identifying the above isomorphisms we have to show that the induced Galois 
symbol maps ?? on 

if S r (eo -^,z7 § f7^,zr° S r (eo " i;,) , and ir eo § r (eo " i;,) 

are injective. However, the latter two are trivial by Lemma 3.2 (iii). The 
rest of the assertions follow from Lemma 3.2 (ii). □ 

5 Applications 

Let X be an elliptic curves over a p-adic field k with X[p n ] C X{k) and k(X) 
the function field of X. For the multiplicative group G m and the elliptic 
curve X, the Somekawa i^-group has a description K(k;G m , X) —)■ V(X) 
([11], Thm. 2.1), where V(X) is the homology group of the complex 

K 2 (k(x))-^ k {py^k* 

PdX: closed points 

where k(P) is the residue field at P, d is defined by the tame symbols dp as 
d := (Bp dp and N is the norm maps N := Y^p ^k(p)/k- By the class field 
theory of curves over local field ([9], [18]), the group V(X) has a relation 



22 



with the abelian fundamental group 7r 1 (X) ab as follows: The reciprocity map 
Px '■ SKi(X) := Coker(<9) — > 7r 1 (X) ab gives the commutative diagram with 
exact rows 

V(X) SK\(X) 



Px 



Pk 



^ 7Ti (X) ab - gco »- TTi (X) ab >■ Ga\(k ah /k) » 0, 

where pk denotes the reciprocity maps of local class field theory and 7ri(A) ab,geo 
is defined by the exactness. Furthermore, the geometric part of the funda- 
mental group has the following structure 

o -> 7n(x) t a o; geo -> 7n(X) ab ' 8eo -> z r -> o, 

where r is the dimension of the maximal split subtorus of the special fiber of 
the Neron model of X, and 7ii(X)^ &co is the torsion subgroup. In particular, 
r = if X has good reduction. The main theorem of the class field theory im- 
plies that the reciprocity map px induces V(X)/p n ~ iri(X)^ seo /p n . From 
Corollary 1.2 we obtain 

Theorem 5.1. Under the assumption X[p n ] C X(k), we have 

ab gGO n \Z/p n , if X : split multiplicative, 

^ll/Vtor IP ~ 




if X: good reduction. 

In particular, 7Ti(X) ab ' geo /p n ~ (Z/p n )® 2 if X has good reduction. 

Next we consider the the structure of the Chow group CHo(X x X') of 
0-cycles on the product of elliptic curves X and X' over k. Let Aq(X x X) be 
the kernel of the degree map CH (A x X') — > Z and T(X x X') the kernel of 
the Albanese map A (X x X') ->Ix X'(A;) for the abelian variety X x X', 
that is the so called Albanese kernel for X x X' . These maps are surjective, 
and we have 

CH (A x X') /T(A x X') ~ Z © (A x A')(fc). 

If we assume p n -torsion points A[p n ] and A'[p n ] are fc-rational, Mattuck's 
theorem [5] implies CH (Ax X')/p n ~ (Z/p^imi+^TflxTj/p" and 
the study of the structure of CH (A x X')/p n boils down to the calculation of 
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T(X x X')/p n . It is known that the Albanese kernel T(X x X') coincides with 
the Somekawa i^-group K{k; X, X') ([11], [8]). The cycle map p is compatible 
with the Galois symbol h : K(k; X, X') jp n -»■ # 2 (£;, X[p n ] (g) X'[p n ]) as in the 
following commutative diagram: 



T(X x X') /p n H A (X, Z/p n (2)) 

K(k; X, X') /p n — ^ H 2 (k,X[p n ] ® X'[p n ]) 



Furthermore, the image of the cycle map p : T(XxX') jp n — > H A (X, 1*/p n (2)) 
is in if 2 (/c, X[p n ] ® X'[p n ]). We obtain the following: 

Theorem 5.2. Ze£ X anc? X' be elliptic curves over k with good or split 
multiplicative reduction. Assume that X' is not a supersingular elliptic curve 
and X[p n ] and X'\p n ] are k -rational. Then, we have 



T(X x X')/p n 



1^/p n , if X and X' have a same reduction type, 

[Z/p n )® 2 , if X and X' have different reduction types. 
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